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QUASIMODULAR FORMS, JACOBI-LIKE FORMS, 
AND PSEUDODIFFERENTIAL OPERATORS 

YOUNGJU CHOIE* AND MIN HO LEEt 

Abstract. We study various properties of quasimodular forms by using their connections 
fvq I with Jacobi-hke forms and pseudodifFerential operators. Such connections are made by 

identifying quasimodular forms for a discrete subgroup F of 5'L(2,R) with certain poly- 
nomials over the ring of holomorphic functions of the Poincare upper half plane that are 
F-invariant. We consider a surjective map from Jacobi-like forms to quasimodular forms 
t~^ I and prove that it has a right inverse, which may be regarded as a lifting from quasimodular 

^^ ' forms to Jacobi-like forms. We use such liftings to study Lie brackets and Rankin-Cohen 

brackets for quasimodular forms. We also discuss Hecke operators and construct Shimura 
f-H ' isomorphisms and Shintani liftings for quasimodular forms. 

1. Introduction 

Quasimodular forms generalize classical modular forms and were introduced by Kaneko 
and Zagier in ^3], where they identified quasimodular forms with generating functions count- 
^ ! ing maps of curves of genus g > 1 to curves of genus 1. More generally, they often appear 

^ I as generating functions of counting functions in various problems such as Hurwitz enumera- 

QO ■ tion problems, which include not only number theoretic problems but also those in certain 

areas of applied mathematics (see e.g. |3], [9],[in], ^2\, [21], [22] )• Unlike modular forms, 
derivatives of quasimodular forms are also quasimodular forms. The goal of this paper is to 
^ I study various properties of quasimodular forms by using their connections with Jacobi-like 

forms and pseudodifferential operators. Such connections are made by identifying quasimod- 
ular forms over a discrete subgroup F of SL{2, M) with certain polynomials over the ring of 
k> ! holomorphic functions of the Poincare upper half plane that are invariant under an action 

1h ■ of r. 

Jacobi-like forms for F are formal power series, whose coefficients are holomorphic func- 
tions on the Poincare upper half plane H, invariant under a certain right action of F (see 
[7], [25]). This invariance property is essentially one of the two conditions that must be 
satisfied by a Jacobi form (cf. [S]), and it determines relations among coefficients of the 
given Jacobi-like form. Such relations can be used to express each coefficient of a Jacobi-like 
form in terms of derivatives of some modular forms for F. These modular forms belong to a 
sequence of the form {fw}w>o, where fw is a modular form of weight 2w + X for some A G Z. 
In fact, sequences of modular forms for F of such type are in one-to-one correspondence with 
Jacobi-like forms for F of weight A. Another interesting aspect of Jacobi-like forms is that 



O 



c^ 



2000 Mathematics Subject Classification. llFll, 11F50. 

Key words and phrases. Quasimodular forms, Jacobi-like forms, pseudodifferential operators. 

*Supported in part by NRF20090083909 and NRF2009-0094069. 

^Supported in part by a PDA award from the University of Northern Iowa. 



a Jacobi-like form for F determines a F-automorphic pseudodifferential operator, which is 
a formal Laurent series in d~^ having holomorphic functions on "H as coefficients. There is 
a natural right action of SL{2, M) on the space of pseudodifferential operators determined 
by linear factional transformations of H, and F-automorphic pseudodifferential operators 
are pseudodifferential operators that are invariant under the action of F C SL{2,M.). We 
can consider an isomorphism between the space of formal power series and that of pseu- 
dodifferential operators, which provides a correspondence between Jacobi-like forms for F 
and F-automorphic pseudodifferential operators. Various topics related to mutual corre- 
spondences among Jacobi-like forms, pseudodifferential operators, and sequences of modular 
forms were investigated by Cohen, Manin, and Zagier (see [7j and |25j). 

Given integers w and m with m > 0, a quasimodular form for F of weight w and depth at 
most m is a holomorphic function / on "H associated to holomorphic functions /o, /i, . . . , /m 
on "H satisfying 

:f(^^] = foiz) + fi{z)[— —]+■■■ + U^) 



(cz + d)"^ \cz + dj \cz + dj \cz + d^ 

for all 2; G "H and (" d) ^ T. Then the quasimodular form / determines the polynomial 

m 

F{z,X) = Y,fr{z)X\ 

r=0 

which we call a quasimodular polynomial. The condition for / to be a quasimodular form is 
equivalent to the condition that the polynomial F{z, X) to be invariant under a certain right 
action of F on the space of polynomials of degree at most m with holomorphic coefficients. 
There is a natural surjective map from the space of Jacobi-like forms to that of quasimodular 
forms, and a similar map exists from pseudodifferential operators to quasimodular forms. 
One of the main results of this paper is the existence of the right inverse of such a surjecctive 
map, which may be regarded as a lifting from quasimodular forms to Jacobi-like forms or to 
pseudodifferential operators. 

The right action of SL{2,'R) on the space of polynomials over holomorphic functions on 
H mentioned above can be used to define Hecke operators on quasimodular polynomials, 
which are compatible with the usual Hecke operators on modular forms. On the other 
hand, the action of SL{2, M) on formal power series described earlier determines Hecke 
operators on Jacobi-like forms. We show that the surjective maps from Jacobi-like forms 
to quasimodular polynomials are Hecke equivariant. We also study various apphcations of 
the liftings from quasimodular forms to Jacobi-like forms. In particular, we introduce a Lie 
algebra structure on the space of quasimodular polynomials and construct Rankin-Cohen 
brackets for quasimodular forms. 

As another application of liftings of quasimodular forms to Jacobi-like forms, we study the 
Shimura correspondence for quasimodular forms. Given an odd integer k, the usual Shimura 
correspondence associates to each modular form of weight A = (A; — l)/2 a modular form 
of weight 2A — 1. On the other hand, there is also a map carrying modular forms in the 
opposite direction known as the Shintani lifting. We introduce the notion of quasimodular 
forms and Jacobi-like forms of half integral weight and construct a quasimodular analog of 
Shimura isomorphisms and Shintani liftings. 

This paper is organized as follows. In Section 2 we study formal power series and polyno- 
mials over the ring of holomorphic functions on Ti. We consider linear maps between such 



power series and polynomials and introduce actions of S'L(2,M) that are compatible with 
respect to these maps. In Section 3 we describe quasimodular forms for F and some of their 
properties. We introduce quasimodular polynomials, which can be identified with quasi- 
modular forms. We also consider F-invariant formal power series known as Jacobi-like forms 
and discuss their connections with quasimodular polynomials. Section 4 is concerned with 
Hecke operators on quasimodular polynomials that are compatible with those on modular 
and Jacobi-like forms. In Section 5 we construct a lifting of a modular form to a quasimod- 
ular form whose leading coefficient coincides with the given modular form. The existence of 
liftings of quasimodular forms to Jacobi-like forms is one of our main findings and is proved 
in Section 6. The noncommutative multiplication operation on the space of pseudodifferen- 
tial operators given by the Leibniz rule determines a natural Lie algebra structure on the 
same space. In Section 7 we use the correspondence between pseudodifferential operators 
and Jacobi-like forms as well as the liftings discussed in Section 6 to construct Lie brackets 
on the space of quasimodular polynomials. As another application of the liftings, we study 
Rankin-Cohen brackets for quasimodular forms in Section 8. We extend the notion of quasi- 
modular and Jacobi-like forms to the case of half integral weight in Section 9, and investigate 
the quasimodular analog of correspondences of Shimura and Shintani in Sections 10 and 11. 

2. Formal power series and polynomials 

In this section we study formal power series and polynomials whose coefficients are holo- 
morphic functions on the Poincare upper half plane. We consider linear maps between such 
power series and polynomials and introduce actions of SL{2,'R) that are compatible with 
respect to these maps. 

The group SL{2, M) acts on the Poincare upper half plane Ti as usual by hnear fractional 
transformations given by 

az + b 
cz + a 
for all z eH and 7 = ( " ^ ) G SL{2, R). For the same z and 7, we set 

d c 

(2.1) Z{l,z) = cz + d, A{^,z)=Zil,z)~' — {Zil,z)) 



dz cz + d 

so that we obtain the maps -J, ^ : SL{2,M.) x T-L -^ C As is well-known, the map Z is an 
automorphy factor satisfying the cocycle condition 

(2.2) 5(77', ^)=CI(7, 7^)5(7',^) 

for all 7,7' G SL{2,'R) and z eH. On the other hand, it can be shown that the other map 
^ satisfies 

(2.3) Jl(77', z) = J^(7', z) + 5(7', z)-^^{^, iz). 

Let J-" denote the ring of holomorphic functions on "H, and let J-'[[X]] be the complex 
algebra of formal power series in X with coefficients in J-". Given elements f E J^, $(-2, X) G 
J^[[X]], A G Z, and 7 G ^L(2,R), we set 

(2.4) {f\,^){z)=Z{l,zr'f{^z) 

(2.5) ($ \i^){z,X)=Z{l,z)-'e~^^''^^^''^^z,Z{l,z)-'X) 



for all z & Ti. If 7' is another element of SL{2, M), then from fl2.2p and f l2.3p it can be shown 
that 

/ Ia (77') = (/ Ia 7) Ia 7', * Ia (77') = (<^ Ia 7) Ia 7'; 
hence the operations |a and I3J determine right actions of SL{2, M) on J-" and J-'[[X]], respec- 
tively. If 5 is a nonnegative integer, we set 

so that an element ^{z,X) G ^-'[[X]]^ can be written in the form 

00 

(2.6) <!>{z,X)=Y,M^)X'^' 

fc=0 

with 0fc G J-" for each k > 0. 

Given a nonnegative integer m, we now consider the complex algebra J-m[X] of polynomials 
in X over J^ of degree at most m. If 7 G SL{2, M), A G Z and F{z, X) G J-m[X], we set 

(2.7) (F II, 7)(z, X) = ;j(7, z)-^F(7z,a(7, z^iX - ^^(7, ^))) 
for all z E Ti. 

Lemma 2.1. If F{z,X) G J-m[X] anc? A G Z, i/ien we have 

iiF\\,j)\\,y){z,x) = {fujj')){z,x) 

forall^,^'eSL{2,R). 

Proof. Given 7,7' G 5L(2,M), A G Z and F{z,X) G J'miX], using (ET]), we have 

(2.8) ((F 11,7) II a 7')(^, X) = 5(7', z)-\F ||, 7)(7'^, ^(7', z^iX - ^^(7', z))) 

= a(7',z)"^a(7,7'z)-"F(77'^,X'), 
where 

X' = 5(7, 7'^)'a(7', ^)'(X - i^(7', z)) - 5(7, 7'^)'i^(7, Y^)- 
Thus using 02.21) and 02. 3p . we see that 

X' = 5(77, ^)'(^ - .^(7', ^)) - 3(7, 7 ^)'5(7', ^)'(i^(77', ^) - Hi, z)) 
= ZM,zf{X-^{^i,z)). 
From this and 02.80 . we obtain 

{{F 11,7) II A 7')(^, ^) = 5(77', ^)-'F(77'^, 5(77', ^)'(^ - J^(77', z)) 

= {F\\,M)){z,X)- 
hence the lemma follows. D 

If $(2;,X) G J-'[[X]]5 is as in 02.60 and if m is a nonnegative integer, we set 



m 

(2.9) «$)(z,X) = ^-0„_,(z)X 



^1 

r=0 



which determines the surjective complex linear map 

<:^[[X]],^J-„[X]. 
In particular, for ?7i = we obtain the map 

n^ : n[x]]6 ^ ^ 



given by 

(n^$)(2) = 0oW. 

We also define the linear maps 

(2.10) e, : J-„[X] ^ 7 
for < £ < 771 by setting 

(2.11) {&,F){z) = f,{z) 

for ^{z,X) G J'[[X]]5 as above and F{z,X) = Y2=ofk{z)X^ G J^m[X]. 
Lemma 2.2. Given m, (5 > 0, i^/ie diagram 



^ -^[m],+i ^^ ^[[X]]5 ^^ F > 



(2.12) 



fJ-m 



^ J-^-ifX] -^-4 J'JX] -^ ^ > 

commutes, where T and l are inclusion maps and fim is multiplication by (1/rra!). Further- 
more, the two rows in the diagram are short exact sequences. 

Proof. Let ^{z,X) G J^[[X]]s and *(z,X) G J^[[X]]s+i be given by 



$(z, X) = ^ 0fc(z)X'=+^ vl/(;2, X) = 5^ M^)x' 



fc=0 A;=0 

Then from (12. 9p and (12. lip we see that 

((©^ O Ui)<!>){z) = Mz)/m\ = (/X,n0o)(-2). 

Since ^o = &^^ by (l2ll|) . we obtain 

6„ o n^ = /i„ o 6^. 
On the other hand, we have 



m{z,x) = j2Mz)x' 



fc=0 

with 'j/'o = and ipk = ^fc-i for 1 < fc < -m. Hence we see that 

m—l 



I I 1/ ^ II V — J. J 

{{Ulo1)m){z,X) = ^-V;^_,(z)X^ = Y, -^m-l-r{z)X 



r=0 * r=0 



= (n^+_\vi>)(z,x) = ((6oni+_\)^)(^,x), 

which shows that 11^ 0^=^-0 11^^ . The two rows in the diagram are clearly short exact 
sequences. D 

The next proposition shows that the surjective map 11^ : ^-'[[X]]^ — )■ J-'m[X] is equivariant 
with respect to the right actions of SL{2, M) of the type described earlier. 

Proposition 2.3. If m, 5 and A are integers with m^5>Q, we have 

(2.13) K^{^\il)=K.m\\^+2m+26l 

for all $(z, X) G ^^[[X]]^ and 7 G SL{2, M) . 



Proof. Let <^{z,X) G J^[[X]]s be as in ([2SD, and let 7 G ^L(2,R). Then, using 023]), we 
have 

k=0 £=0 

= E E ^^(^' ^)-''=-''-'J^(7, zYMiz)x'^'^^ 

fc=0 £=0 



n=0 

with 

Uz.X) = ^^^a(7,^)-^"-^^^-^^''i^(7,^)Vn-.(7^). 
£=0 ^■ 
From this and fl2.9p we see that 

(2.14) «($ |3[7))(^,^) = E-^— W^' 



-^1 

m m— T 



E E ^7r^(^' ^)''^^^-^™-^'-'^(7, z)V™-.-.(7^)X^ 



r=0 ^=0 



On the other hand, using (12. 7p and ( 12. 9p . we have 

^m^) llA+2m+2<5 ' 

m -. 

= 5(7, z)-'''"--'' Yl -0,n-,(7^)5(7, zf' {X - i^(7, z))^ 



(«<^) IIa+2^4-2. 7)(^, X) = ;i(7, z)-^-^-^^(n^«i>)(7^,a(7, ^)^(x - -^(7, z))) 



3=0-' 



1 / A 

X (-iy-''i?(7, z)^-'^X" 

= E E ;fe^^(^' -)^^-'-^'"-^^^(7, ^)->.-, (7^)X^ 

Changing the index for the second summation in the previous hne from j to i = j — r and 
comparing this with (I2.14p . we obtain the relation (I2.13p . D 

3. Quasimodular forms 

Jacobi-like forms for F are formal power series, whose coefficients are holomorphic functions 
on the Poincare upper half plane H, invariant under a certain right action of F (see [7], J25]). 

In this section we describe quasimodular forms for a discrete subgroup F of SL{2, M) 
introduced by Kaneko and Zagier (see P^) and study some of their properties. We introduce 
quasimodular polynomials, which are polynomials with holomorphic coefficients invariant 
under a right action of F and can be identified with quasimodular forms. We also consider 
F-invariant formal power series known as Jacobi-like forms (cf. [7], [25]) and discuss their 
connections with quasimodular polynomials. 



Let T be the ring of holomorphic functions on "H as in Section [21 and let F be a discrete 
subgroup of 5'L(2,M). We also fix a nonnegative integer m. 



Definition 3.1. Let ^ be an integer, and let \^ be the operation in (127 
(i) An element / G J-" is a modular form for T of weight ^ if it satisfies 

fkl = f 

for all 7 G r. We denote by M^(r) the space of modular forms for F of weight C,- 

(ii) An element / G J-" is a quasimodular form for F of weight ^ and depth at most m if 
there are functions fo, . . . , fm ^ J^ such that 

m 

(3.1) {fkjKz) = Y,fr{zmi,zr 

for all z E Ti and 7 G F, where ^(7, z) is as in (12.11) . We denote by QM^{T) the space of 
quasimodular forms for F of weight C, and depth at most m. 

Remark 3.2. (i) Although the usual definition of modular forms or quasimodular forms 
includes a cusp condition, we have suppressed such conditions in Definition 13. 1[ 

(ii) If we set 7 G F in (13. ip to be the identity matrix, then .^(7, z) = 0; hence it follows 
that 

/ = /o. 

If m = 0, from (13. ip we obtain 

and therefore we have 



/ k 7 = /o = /, 



qmO(f) = M^{r). 

(iii) For fixed 2 G "H, by considering the right hand side of (13. ip as a polynomial in .^(7, z) 
and using the fact that it is valid for all 7 in the infinite set F, we see that / determines the 
coefficients fo, ■ ■ ■ , fm uniquely. 

Let / G J-" be a quasimodular form belonging to QM^{T) satisfying (13.11) . Then we define 
the corresponding polynomial {Q^f){z,X) G Jvtl-'^] by 

m 

(3.2) {Q^f){z,X) = Y,fr{z)X^- 

■r=0 

for 2; G "H. We note that Q^f is well-defined due to Remark l3.2( iii). Thus we obtain the 
linear map 

for each ,^ G Z. 

Definition 3.3. A quasimodular polynomial for F of weight C, and degree at most m is an 
element of J-m[7^] that is invariant with respect to the right F-action in (12.71) . We denote by 

gPf (F) = {F{z,X) G Tm[X] I F 11^7 = F for all 7 e F} 

the space of all quasimodular polynomials for F of weight ^ and degree at most m, where |L 
is as in (12.71) . 



Lemma 3.4. Given F{z,X) = EI^o /r-(^)^'' ^ J^m[X] and 7 G SL{2,R), we have 

(3.3) GriF\\^^)iz) = f;(-lr-^^/,(7^)a(7,^)^^^«J^(7,^r-^ 

(3.4) (©.(i^ll^7-^) k-2. 7)W = E (^)/^(^)-^(7,^)'-'' 

/or < r < m. 

Proof. Using (12.71) . we have 

m 

{F 11^ 7)(^, X) = ;i(7, ^)-« J2 Ml^nil^ ^f\X - i^(7, z)Y 

1=0 

= EE n/.(7^)a(7,^)^^-^(-l)^-'^i^(7,^)^-^X'^ 

= E jli-^r- Q /K7^);i(7, ^)^^-^i^(7, ^)^-^x^ 

r=0 £=r ^ ^ 

which verifies (13. 3p . Replacing 7 by 7"^ and z by 72; in (13.31) . we have 

&r{F 11^ 7~')(7^) = 2{l-\ iz)-^ E(-l)'~^' n /.(^)5(7^\ 7^)''i^(7-\ 7^)'-^ 

However, from (12.21) and (12. 3p and the fact that ^(1, z) = 1 and .^(1, z) = 0, we see that 

(3.5) Z{l'\ iz) = ;j(7, z)-\ ^{r\ iz) = -Z{l: zf^{^, z), 
and therefore it follows that 



©,(F 11^ 7~')(7^) = 5(7, zf f2(-^y~'' /^(^)^(7' zr''i-lY'^'Zil, zr--'^^{^, z 

i=r ^ ^ 

= ;j(7,^)«-^^f;n/.(^)ii(7 



. ,„ ,z} 

\r/ 

i=r ^ ' 

hence we obtain (13.41) . D 

By setting r = in (13.31) we obtain 

(3.6) ©o(F||^7)(^) = $^(-1)^5(7, ^)''-^i^(7,^)V.(7^), 

6o(F 11^ 7"')(7^) = 5(7, ^)^ E /-(^)-*^(7. ^)^ 

r=0 

where we used (13.51) . In particular, if F(z, X) G (5-P™(r), we have 

(6oF)(z) = 5^(-l)^5(7,^)''-^i^(7,^)V£(7^) 
£=0 

for all 7 G r. 



Corollary 3.5. Let F{z,X) = 'Y2^=ofr{^)^^ ^ -^m[-^]- Then F{z,X) is a quasimodular 
polynomial belonging to QPp{r) if and only if for each r G {0, 1, . . . ,m} the coefficient fr 
satisfies 

m y^-. m-r / n . \ 

(3.7) (/, |5_2. 7)W = E ( J/.W-»^(7,^)'-^ = E ( ^ j/^+.(^m7,^r 

for all z eH and 7 G F. In particular, fr is a quasimodular form belonging to QMT^KT). 

Proof. A polynomial F(z,X) G Jvi[-^] belongs to QPp^{T) if an only if 

F{z,X) = iF\\^^){z,X) 

for all 7 G r. Hence (13.71) follows from this and (13. 4p . D 

If < £ < r/i, we obtain the complex linear map 

Ge : QPf (r) ^ T 

by restricting 6^ in (ITTUD to QPf (F). Then 6^F belongs to QM^"^-;(r) for < r < m, 
and (13.71) can be written in the form 

(6,F |5_2.7)(^) = E ^ j(©.+rF)W-»^(7,^)' 
for F(2;, X) G (5-P/"(r). In particular, we obtain 

&mF \^-2m 7 = &mF 

for all 7 G r. Thus it follows that 

(3.8) e^F G M5_2m(r) 
if F{z,X) G (5-Pf"(r). On the other hand, we also have 

iQT-2ri&rF)){z,X) = Y, r~'"){GurF){z)X' G QP^S.^iT), 

where QTZ^. is as in (13.21) . Thus, in particular, we see that the map Q^ given by (13.21) 
determines the complex linear map 

(3.9) Q^ : QMf (r) ^ gpf (r), 

so that Qc^ carries quasimodular forms to quasimodular polynomials. In fact, the the next 
proposition shows that it is an isomorphism. 

Proposition 3.6. The restriction of the map &i in (I2.10p with i = to QP/"(r) determines 
an isomorphism 

(3.10) ©0 : QPf (r) ^ QM™(r) 

whose inverse is the map Q^ in (13.91) . 



Proof. If F{z, X) = ^^0 fr{.z)X'^ is an element of QP^iV), then we have 

{&oF){z) = Uz) 
for z eH. However, from Corollary 13.51 we see that 

m 
£=0 

for all z G H and 7 G F. Thus we have 

m 

{{Q^oG,)F){z,X) = iQ^fo){z,X) = Y,f)i^W = F{z,X). 

j=0 

We now consider an element h G QM^^T) satisfying 

{h\^j){z) = j2hi{zmi,zY 
£=0 

for all z eT-L and 7 G F, so that 

m 

{Q^h){z,X) = J2hi{z)X'. 
1=0 

Then we see that 

ieo{QTh)){z) = ho{z) = hiz) 

for all z eT-L, and therefore the proposition follows. D 

Corollary 3.7. Gtven F{z,X) = E7=ofriz)X^' e QPr+2m+2si^), ^e set 

(3.11) (l)i = {m-i)\fm-i 
for < i < m. Then for each fc G {0, 1, . . . , m} we have 

k ^ 

(3.12) (0fc \2k+2S+X l){z) = ^ — i?(7, zY4)k^r{z) 

for all z E H and 7 G F. 

Proof, li < k < m, using (13.71) and (13. lip , we have 

(0fc \2k+25+\ l){z) = (m - k)\{fm-k \2k+25+\ l){z) 

\£—m+k 






£=m—k 



£=m-k ^ ' 

for all z eH. Hence (13.121) can be obtained by changing the index from i to r = i — m + k 
in the previous sum. D 
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Remark 3.8. Let / G QMp{r) be a quasimodular form satisfying fl3.ip . In the proof of The- 
orem 1 in |lj, it was indicated that the corresponding polynomial F{z,X) = {Q'^f){z,X) E 
J^rn[X] satisfies 

(3.13) ^{-f,z)-^F{^z,X)=Fiz,Zil,zr'X + ^i^,z)) 

for all 2; G "H and 7 G F. It can be shown, however, that (13.131) is equivalent to the condition 
that 

for all 7 G r. Indeed, if F{z,X) G J-'m[-'^] satisfies (13.131) . by replacing 7 and z by 7"^ and 
•yz, respectively, we have 

(3.14) Z{l-\ lz)-^F{z, X) = F{yz, Z{r\ IzY^X + ^{r\ 7^))- 
From (13.51) and (13.141) we obtain 

F{z,X)=Z{l.zr^F{yz,Z{l.zfX-Z{l.zf^{y,z)) = (F||^7)(^,X), 

where we used (12.71) . 

We now consider Jacobi-like forms studied by Cohen, Manin and Zagier in [7] and [25]. It 
turns out that they are closely linked to quasimodular polynomials and therefore to quasi- 
modular forms. 

Definition 3.9. Given an integer A, a formal power series $(z,X) belonging to J-'[[X]] is a 

Jacobi-like form for F of weight A if it satisfies 

i<!>\iy)iz,X) = ^z,X) 
for all z eH and 7 G F, where {"l is as in (12.51) . 

We denote by J7a(F) the space of all Jacobi-like forms for F of weight A, and set 

JxiT)s = JxiT)nT[[X]]s 
for each nonnegative integer 5. 
Proposition 3.10. The map Uf^ in (12. 9p induces the complex linear map 

(3.15) n^ : JxiT)s ^ gPr+2™+25(r) 
for each 6 > and A G Z. 

Proof. Given 5, A G Z with 5 > 0, we need to show that 

However, this follows immediately from Proposition l2.3t Definition 13 . 31 and Definition [XS □ 
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4. Hecke operators 

Hecke operators acting on the space of modular forms play an important role in number 
theory, and similar operators can also be defined on the space of Jacobi-like forms. In this 
section we introduce Hecke operators on quasimodular polynomials that are compatible with 
those on modular and Jacobi-like forms. 

Let GL"'"(2,M) be the group of 2 x 2 real matrices of positive determinant, which acts 
on the Poincare upper half plane "H by linear fractional transformations. We extend the 
functions ^ and ^ given by (12. ip to the maps -J, .^ : GL^{2, M) x H — > C by setting 

(4.1) Z{a,z) = cz + d, K{a,z) =Z{cx,z)~^ — {:^{a,z)) 

ioY z E H and a = (c d) ^ GL+(2,]R). Then it can be shown that Z satisfies the cocycle 
condition 

Z{<yci', z) = 5(a, a'z)Z{(y', z) 

for sl\z eH and a, a' G G'L+(2, M) as in (E^D- On the other hand, the relation (ESD should 
be modified as 

.ft(aa', z) = K{a', z) + (det a;')5(a', z)~'^^{a, a' z). 

Two subgroups Fi and r2 of GL^{2, R) are said to be commensurable if Fi n F2 has finite 
index in both Fi and F2, in which case we write Fi ~ F2. Given a subgroup A of GL^{2, R), 
its commensurator A C G'L+(2,R) is given by 

A = {geGL^i2,R)\gAg-'^A}. 

If F C SL{2, R) is a discrete subgroup, the double coset FaF with a G F has a decomposition 
of the form 



(4.2) FaF = JjFai 



i=l 



for some Oj G GL+(2, M) with i = 1, . . . ,s (see e.g. \19\)- 

Given an integer A, we extend the actions of S'L(2,R) in (12. 4|) and (12. 7p to those of 
GL+(2,R) by setting 

(/ U a){z) = det(«)^/2;i(a,z)-VM 



(4.3) (F 11^ a){z, X) = det(a)^/2a(a, zy^F{az, det(a)"^5(a, z)^(X - ^{a, z))) 

for all 2; G ?{, a G GL'''(2,R), / G J-" and F{z,X) G J-m[X]. These formulas determine right 
actions of G'L"'"(2,R) on J-" and J-m[X], so that we have 

(/ |a a) \xa' = f \x {aa'), 

(4.4) iF\\,a)\\^a' = F\\^iaa') 

for alia, a^GGL+ (2, M). 

Let a G F be an element such that the corresponding double coset is as in (14.20 . Then the 
associated Hecke operator 

(4.5) Tx{a) : Ma(F) -> Ma(F) 



12 



on modular forms is given as usual by 

s 

(4.6) (T,(a)/)(^) = 5^(/Ua,)(. 



j=i 



for all / G Mx{r) and z El-L (cf. [I9]). Similarly, given a quasimodular polynomial F{z^ X) G 
gP™(r), we set 

s 

(4.7) (rf(a)F)(z,X) = 5](F||,a,)(^,X) 

i=l 

for all z ETi. 

Proposition 4.1. For eac/i a G F i/ie polynomial given by (\A.7\\ is independent of the choice 
of the coset representatives ai,...,as, and the map F \-^ T[{a)F determines the linear 
endomorphism 

T[{a) : QPriT) ^ QPr{T). 

Proof. Suppose that {/3i, . . . , (3s} is another set of coset representatives with (3i = ■jiai and 
7i G r for 1 < z < s. Given F{z,X) G QPx'i'^), using (g^D, we have 

s s 

(4.8) Y.^F\\,P,){z,X) = Y,iiF\\,^,)\\,a,){z,X) 

i=l 
s 

J2{Fha,){z,X), 



i=l i=l 



i=l 



and hence T\(a)F is independent of the choice of the coset representatives. Since the linearity 
of the map F ^ Tx{a)F is clear, it suffices to show that TA(a)(QPf (F)) C QPriX)- From 
(HID, dUD and (gl]) we see that 

s s 

{T,{a)F) 11,7 = Y.(F\\,a.) \\,j = J]F ||,(a,7). 

i=l i=l 

However, the set {q;i7, . . . , dsl} is another complete set of coset representatives, and there- 
fore we have 



e^iia(«^7)=i:^i 



A"i- 



i=l 



Thus we see that {Tx{a)F) ||,7 = (Tx(a)-F); the proposition follows. D 

We now extend the map 

F{z,X) ^ eo{F\\^l){z) : T^[X] ^ T 
for 7 G ^L(2,R) to GL+(2,M) by changing ([MD to 

m 

Go{F\\^a){z) = ^(-l)^'(deta)«/2-J5(a,2)2J-«J^(a,z)Vj(a2) 
i=o 
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for a G GL+(2,R). If / is a quasimodular form belonging to QM^iJ^^ and if a G F is an 
element whose double coset has a decomposition as in fl4.2p . we set 

s 

(4.9) 7f(a)/ = 5^6o((Qr/)llc«)- 

In other words, T, (a) is deduced from T^ipt) by conjugation, that is, 

(4.10) Tf (a) = ©oTf («)Q^"^. 

So this justifies that Tc^{a)f G (5AfJ"(r). Thus we obtain the linear endomorphism 

(4.11) Tf (a) : QM^{T) -^ QM^{T) 

for each a G F. 

Definition 4.2. The linear endomorphism (14. lip given by (14.90 is the Hecke operator on 
QAf^"'(F) associated to a G f . 

Remark 4.3. Special types of Hecke operators on quasimodular forms as in Definition 14.21 
were considered by Movasati in [20] for F = SL{2, Z). 

Theorem 4.4. For each a G F the diagram 

QM-(F) — ^ gPf (F) -^^ M5_2^(F) 



(4.12) r«(a) 



TfH 



^e-2m('^) 



QM-(F) — ^ QPf (F) -!^ M5_2^(F) 

is commutative, where the maps T^{a), T^{a) andT^-2m{(^) are as in (14. 7p . (14. 9 p and (14.60 . 
respectively. 

Proof. Let a be an element of F such that the corresponding double coset has a decomposition 
as in (53). Given / G QM^(T), using (gl]), we have 



^ Clj) 



(Qr °^f («))/ = 2r(®o(E(2r/) ii««0) = E(2r/) 

since QT = &q^ by Proposition 13. 6[ On the other hand, from (14.71) we obtain 



(rf(«)oQ™)/ = 5^(Q-/) 



l^O^i] 



i=l 

hence it follows that 

Qf oTf(a)=Tf(a)oQ-. 
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We now consider a quasimodular polynomial F{z,X) = J2T=ofri^)-^^ ^ QPp(T). Using 
L.Sp and (14 .7^ . we have 






"^{det ai)^^^Z{ai,z) 






X e^(^ friaiz){det tti) ''Ziai, zf^'iX - ^{a,,, z)Yj 

Vr=0 ^ 

s 



Thus we obtain 



©m O Tg^(a) = T^_2m(a) O &r 



and therefore the proof of the theorem is complete. D 

Given A G Z, we now extend the action of SL{2, R) in (12.51) to that of GL+(2, R) by setting 

(4.13) ($ \i a){z, X) = det(a)^/2^(a, z)-^e-^^''''^^<!>{az, (det a)Z{a, z)-^X) 
for ^{z,X) E T[[X]] and a E GL+(2,M). Then it can be shown that 

(4.14) i^\ia)\ia' = <^\iiaa') 

ior a,a' eGL+{2,R). 

If ^{z,X) E J^xiX) and if the double coset corresponding to an element a E T has a 
decomposition as in (14. 2p . we set 

s 

(4.15) (r/(a)$)(z,X) = 5^(<|. 1^ a.){z,X), 

1=1 

for all z eT-L. Then the power series (T/(a)$)(2;, X) is independent of the choice of the coset 
representatives cti, . . . , a^, and the map $ i— ;■ T/(a)$ determines the linear endomorphism 

T/(a) : j,(r) ^ j,(r). 

Theorem 4.5. //H^ is as m (12.91) . /or each a eT the diagram 



m^) 



'^X+2m+2S\'^) 



is commutative, where the Hecke operators T[^2m+26i^) andT({a) are as in (14.71) and (14.151) . 
respectively. 
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Proof. Let a be an element of F such that the corresponding double coset has a decomposition 
as in f lO]l . Using (i2]) and JKT^ as well as the extension of flTT^ to GL+{2, R), we obtain 

s 

(nl(T/(a)<|.))(^,X) = ^<($|3[a,)(z,X) 

s 



i=l 



for all $(2;, X) G j7A(r)5, which shows the commutativity of the given diagram. D 

Given a modular form / G M2w+x{^), it is known that the formal power series 

with p! = for p < is a Jacobi-like form belonging to j7A(r)<5(cf. [8], [25]). Thus the map 
/!—!■$/ determines a lifting 

(4.17) £;^,;, : M2^+,(r) ^ JA(r)5 

of modular forms to Jacobi-like forms known as the Cohen-Kuznetsov lifting (see [7j). 

Let d = d/dz be the derivative operator on T. If /i is a modular form belonging to Mfc(r), 
then it is known that d^h with £ > 1 is a quasimodular form belonging to QMl^2i(^) (see 

e.g. m)- 



Theorem 4.6. Let f he a modular form belonging to M2^+A(r) for some w G Z. 

fm—w+5 I 
A+2m+2<5^ 



(i) The quasimodular form ^'"-"'+'5/ e QM^^^^LiV) satisfies 



('mJ If a eT, then we have 
(4.19) 9"+'(T2.+a(«)/) = T,V+2.(«)5"^V, 

where T2w+\{q) and T^_^2m+25i^) '^'^^ ^^^ Hecke operators in (14. 5 p and (14.91) . respectively. 
Proof. If £^;^ is as in f l4.17p . we obtain the map 

ui o c^, : M2.+,(r) ^ QPr+2^+25(r) 

given by 



(«o£^,)/)(z,X) = ^ 



^r 



(m, — r — w + (5)!(?7i — r + w + 6 + X — 1)\ r! 



r=0 

for all / G M2^+A(r)- Thus we obtain (I4.18P by considering the coefficient of X° in this 
relation. On the other hand, given a G F and / G M2^+a(F), it is known (cf. [16]) that 

Cl,{Ua)f)=T^{a){ClJ). 

Hence (ii) follows from this and Theorem 14.51 D 
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Theorem 14.61 shows that the diagram 

M2^+A(r) 



am — iu-\-S 



> QM- 



m 
X+2m+2S 



(r) 



T2u,+a{") 



t: 



Q 



\+2m+2S 



(a) 



M2^+A(r) > QM] 



m 
A+2m+2<5 



(r) 



is commutative for each a G F. 



5. Liftings of modular forms to quasimodular forms 

There is a natural surjective map from quasimodular polynomials to modular forms send- 
ing a quasimodular polynomial to its leading coefficient. In this section we construct a lifting 
of a modular form to a quasimodular form whose leading coefficient coincides with the given 
modular form. 

If (&m ■■ J^.m[X] -^ J" and &^ : J^[[X]] -^ J" are as in fl^TTUD . from ([S3D and Definition ES] 
we see that 

&'{Jx{T)s) c MA+25(r), 6„(QPf (r)) c Mg_2^(r). 

Hence the rows in (12.121) induce the short exact sequences of the form 

^ Jx{T)s+i 4 JxiT)s ^ MxM^) -^ 0, 

^ gPf-i(r) 4 QP^iT) ^ M^_2m{^) ^ 0. 

for integers ^, A and 6 > 0. Furthermore, combining these results with Proposition 13.101 and 
the isomorphism fl3.10p . we see that the diagram (12.121) induces the commutative diagram 



^a(F) 



5+1 



^a(F), 



6* 



-> Ma+25(F) 



-> 



Aim 



(5.1) 



m-l ^p^ _^ Qprn 



-^ QP\+2m+25 

6o 







-> QM- 



m— 1 
A+2m+25 



(r) 



X+2m+25{^ ) 
> QMT+2rr.+2si^) 



6„ 



-> AfA+25(F) 



-> 



-> Ma+25(F) > 



in which the three rows are short exact sequences. 

Proposition 5.1. Given integers 6 and A with 6 > and a modular form h G Ma+2<5(F), 
the polynomial (E^'^^h){z,X) G J-m[-^] given by 



(5.2) 



i^t^''h){z,X) = J2 



m 



!(A + 2(5 -l)!/i ('"-'■) (2) 



r=0 



r\{m — r)\{m — r + 25 + A — 1)! 



X' 



is a quasimodular polynomial belonging to QP)!X2m+25(^)- Furthermore, we have 

(5.3) eU^i+^'h) = h. 

Proof. Since h G Ma+25(F), by (I4.16P the formal power series ^h{z,X) given by 

h^'Hz) 



^h{z,X) =m!(A + 25-l)!^ 



e=o 



i\{i + 25 + X - 1)\ 



X 



e+5 
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is a Jacobi-like form belonging to J'x{r)s. From this and 02. 9p we obtain 



«$,)(^,X)=m!(A + 25-l)!^ 



r=0 



r!(m — r)\{m — r + 26 + X — 1) 



:X' 



Et^''h)iz,X), 



and it is a quasimodular polynomial belonging to QPx]-2m+2s(^)- ^^ ^^e other hand, we 
see easily that the coefficient of X™ in this polynomial is equal to h, which shows that 

eu^^j^'h) = h. n 

The formula (I5.2p determines the linear map 

which may be regarded as a lifting from modular forms to quasimodular forms. From (15. 3p 
we see that the short exact sequence in the second row of (15.1 p splits. Furthermore, from 
(I4.19P and (15. 2p we see that S^^^ is Hecke equivariant, meaning that the diagram 



M25+A(r) ^^^^ QP- 



m 
\+2m+2S 



(r) 



(5.4) 



T26+xia) 



^A+2m+2a(") 






A+2m+25l-'^ ) 

is commutative for each a eT. 
We also consider the lifting 

Es : MA+25(r) ^ Jxir)s 
from modular forms to Jacobi-like forms defined by 

(5.5) {Esf){z,X) = {X + 26 -mcy){z,X) 



{\ + 28-l)\Y, 



t=Q 



d.{(. + 25 + \-l)\ 



X 



1+5 



for / G MA+2(5(r), where Cf^ is the Cohen- Kuznetsov lifting in (I4.17p . Then we have 

(5.6) 6^ o §,(/) = /. 

It can be shown that the map S^ is Hecke equivariant (cf. [IS]), so that the diagram 

M25+A(r) -^ Jx{T)s 



T2w+\io!) 



T^{a) 



-> Jx{r)s 



M2s+x{r) - 

is commutative for each a eT. Furthermore, we also obtain the diagram 

MA+25(r) -^ Jx{T)s 



(5.7) 



f^m 



MxM^) """^ QPr+2m+2si^) 
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that is commutative. We note that the hnear map 

H,o6^:gp-2,.+2.(r)^j,(r), 

satisfies 

6^ o S5 o ©„ = ©„, 

which follows from ^M) and the relation &m{QPr+2m+25(^)) ^ Mx+25{T). 



6. Liftings of quasimodular forms to Jacobi-Iike forms 

In Section \5\ we considered liftings of modular forms to quasimodular forms as well as 
Cohen-Kuznetsov liftings of modular forms to Jacob i-like forms that are Hecke equivariant. 
On the other hand, in Section [3] we studied surjective maps from Jacobi-like forms to quasi- 
modular polynomials. In this section we construct liftings of quasimodular to Jacobi-like 
forms corresponding to this surjection that are Hecke equivariant. 

It is important to note that the map 11^ : J'\(T)s — )■ QPx+2m+2s(X) ^^ (13.151) depends on 
6. For example, if e is an integer with < e < 6 a. Jacobi like form 



can be regarded as an element of JlxiT);; by writing it as 

00 

fc=0 

with (pj = for j < 0. Thus, from (12. 9p we see that 

«$)(z,X) = 5^-0„_,(^)X^ 



r=0 



m ^ 

(n^$)(z,X) = J2 ^<Pm-5+s-r{z)X^ 

-S+e-r{z)X' 



r=0 



= (n^_,+,<l>)(;.,X) 

Although {Ul^)iz,X) above belongs to QP^lM^ir) C QPr+2m+2si^) and involves only 
the first m — 6 + e + 1 coefficients of ^{z, X), it is different from (Jlfj^_s^^^){z, X) which is 
given by 

{Ul^S+s'^){z,X)= Y, -,ct>m-r{z)X\ 



r=0 



In order to construct a lifting from quasimodular polynomials to Jacobi-like forms, as in 
the next lemma, we first determine a quasimodular polynomial of degree < m — 1 from one 
of degree < -m by using the commutative diagram (15. 7p . Combining this with the fact that 
quasimodular forms of degree are modular forms, the desired lifting can be obtained by 
induction and Cohen-Kuznetsov liftings of modular forms (see Theorem 16.21 below). 
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Lemma 6.1. Let F{z,X) be a quasimodular polynomial belonging to QPr'iT), and let m 
and C, be integers with m > 1. Then we have 

(6.1) F{z,X)~m\{{UloEsoejF){z,X)eQPp-\T), 

where &m, '^s and Uf^ are as in i \3.8h . l\3.15h and fl5.5p . respectively. 

Proof. The proof follow from (15.31) and the commutative diagram (15.71) . Indeed, given 
F{z,X) e QPp{T), we have 6„F e M^_2m(X), hence we see that 

{(Ms o ejF){z, X) e Ji-2m-2s{r)s. 

Then the initial term of this Jacobi-like form is equal to {&rnF){z), which implies that the 
coefficient of X"^ in the quasimodular polynomial 

(«oS,o6jF)(^,X)GQPf(r) 

is ^{&mF){z). On the other hand, the corresponding coefficient in F{z,X) is equal to 
{&mF){z); hence the lemma follows. D 

Theorem 6.2. Given a positive integer m and a quasimodular polynomial F{z.,X) G QP^'iV) 
with C, > 2m > 2, there exists a Jacobi-like form ^{z,X) G J^^-2m-25(^)5 such that 

U^ ^ = F 

m 

for each 6 > 0. 

Proof. We first consider the case where m = 1. Let 

F{z,X) = foiz) + f,iz)XEQPliT), 

so that /i = &iF G M^_2(r)- Using (16. ip . we see that there is an element h G QP^{T) = 
M^{T) such that 

F{z,X)-Ui{Esf^){z,X) = h{z) 

for aX\ z eT-L. However, from (15.60 we see that 

h = Iil-'\^s+ih) 

with S^+i/i G J'5_2-2<5(r)5+i. If we write 



5/i)(^,X) = ^</)fc(^)X^+^ {Es+ih){z,X) = Y,i'k{z)X' 



'k+5+l 
fc=0 fc=0 

with (pk and ipk being holomorphic functions for each k > 0, then we obtain 

F{z,X) = (UiiEsf^) + U',+\Es^,h)){z,X) = (0i +V^o)(^) + (0o + ^-i)(^)X 
with ijj_i = 0. Thus we see that 

F = Ui{Esf^ + Es+ih), 
where 

oo 

(sji + Es+ih){z, X) = J2i<Pk + Vfc-i)(^)^'+' e J^-2-2s{r)s 

k=0 
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with iIj_i = 0; hence the m = 1 case follows. We now consider an integer m > 1 and 
assume that the statement in the theorem holds for all positive integers less than m. If 
F{z,X) e QPp{T), then by §^ there is an element G{z,X) e QP^-\T) satisfying 

F-{m\)Ul{Es{emF)) = G. 
Thus by the induction hypothesis there is an element \l/(2;, X) G J^^-2m-26(X)s+i such that 

<+_\^ = G. 
Hence we obtain 

Thus, assuming that 

oo oo 

{m\)(Ms{emF)){z,X) = J2ak{z)X'+\ ^{z,X) = J]/3fc(^)X^+^+i 

k=0 k=0 

with ttfc and Pk holomorphic for each A; > 0, we have 

m _ m— 1 _ 

(6.2) F{z, X) = J2 ■^a^-r{z)X'- + J^ -/3„_i_,(^)X'- 

r=0 ■ r=0 

m _. 

= ^ —{Oim-r + Pm-l-r){z)X'' 
r=0 

with /3_i = 0. If we set 

oo 

(6.3) <!>{z,X) = ((m!)S5(©^F) + ^)(z,X) = J](a, + /3,_i)(z)X^+^ 

A:=0 

with /3_i = 0, then $(z, X) is a Jacobi-like form belonging to J^(-2m-25(X)s- Using this and 
fl6.2|) . we obtain 

F = <$. 
Thus the statement is true for m, and the proof of the theorem is complete. D 

Given a quasimodular polynomial Fm{z,X) G QPp{r) with ^ > 2m > and S > 0, the 
proof of Theorem 16.21 provides us with a canonical way of obtaining a Jacobi-like form 

oo 
fc=0 

satisfying 11^$^ = Fm- Indeed, the coefficients of ^m{z,X) can be determined recursively 
as follows. Using (15.51) . we have 



(m!)(g,(6.Fj)(., X) = m!(e - 2m - 1)! f^ ^uT^J^^BlV.'' 



fc=0 

From this and (16.31) we obtain 



*„,(., A-) = f ( ..'(I' + e-L-'l)! '^"^"'"' + *"-"-) (^'•^' 
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Thus we see that 



for all k,m > 1 with 



_ m!(e-2m-l)! (,^ 

k!(k + 4^ — 2m — 1)! 



50,fc 



-^0 



k\{k + ^-l)V 
here we note that Fq{z, X) does not contain X and is a function of z only, so that 

for A; > 1. 

From the above construction we see that the map Fm i— )■ $m determines a hnear map 

(6.4) <^ : gpf (r) ^ j-5-2™-25(r)5, 

which may be considered as a canonical lifting from quasimodular forms to Jacobi-like forms 
such that 

(6.5) (n^ o £^_^)F = F 

for all F{z,X) G QPp^iT). In the case where m = 0,we define £q t to be the map 

^mf' SO ^^^^ ^^^ diagram 

Tf(a) 



From the Hecke equivariance of the maps 11^, S^ and &m we obtain the same property for 

e, ou tiidt tiic U-icxg,! aiii 



^/-2™-2i(") 



c: 



s 



Qp-(r) -^^ J!^-2n.-25ir)s 

is commutative for a G F. We can also consider the lifting 

£l_^ : QM^{T) -^ J^-2rr.-25{T)s 

of quasimodular forms given by 

where Q^ is as in (13. 2p . 

Given integers ?7i, 6 and ^ with 5, m > 0, there is a short exact sequence of the form 

(6.6) ^ J^-2m-2s{r)s+m ^ Ji-2m-25{r)5 ^ Q^f (F) ^ 0, 

where l is the inclusion map. From the relation (16.51) it follows that the short exact sequence 
in (16.61) splits. Similarly, there is also a split short exact sequence of the form 

^ J^-2n.-25{r)s+m ^ Ji-^2m-25{r)s ^ QM^{r) ^ 0, 

where fil = ©noni. 
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Remark 6.3. Since ©^F G M^^2m{'^) for F{z,X) E QPf (r), we see that ©^F = if 
^ < 2m. Thus the only case that was not covered in Theorem 16.21 is when ^ = 2m. As an 
example of a quasimodular form for ^ = 2m, we can consider the Eisenstein series E2 given 
by 

(6.7) E2iz) = 1 - 24 J]al(r^)e=^™^ 

n=l 

where cri(ri) = Xldin*^- Then it is known that E2 satisfies the relation 

(6.8) {E2\2-f){z) = E2{z) + -K{^,z) 

it: 

for all z E H and 7 G SL{2, Z). Hence £'2 is a quasimodular form belonging to QMg (F) 
with r = SL{2, Z), and the associated quasimodular polynomial is given by 

{QlE2){z,X) = E2{z) + -Xe QP^{T). 

m 

Using 7 = {\~q)i the relation (16. 8 p can be written in the form 

E2{-l/z) = Z^E2{Z) + ^. 
Using this and induction, it can be shown that 

n\{n + l)\ ^(27rz)"-^(n -£)!£!(£ + !)! (27rz)"+i(r2 + 1)! 

-^2 \^) 2+i+n 

^_^(27ri)("-^)(n -£)!£!(£+!)! 
where (—1)! = 1/12 and E^ {z) = 1. We now set 

Then it can be shown that 

^E,{-l/z,z-^X) = z^e''I^^E,{z,X), ^E,{z + 1,X) = ^E,{z,X)- 

hence we have 

$^,(7Z,5(7,^)-'X)=5(7,^)V^^^'^)^$^,(z,X) 

for 7 = ( ? ^""^ ) , ( 1 )■ Since SL{2, Z) is generated by ( ^ ^^ ) and ( q } ), we see that ^e2{.'^^ ^) 
is a Jacobi-like form belonging to J72(r). On the other hand, we have 

n?($Ej = Q\E2, 

and therefore the Jacobi-like form (^e2{ziX) is a lifting of the quasimodular polynomial 

QlE2{z,X). 

Example 6.4. Let / G M^(r) be a modular form of weight w > 0. Then its ?7i-th derivative 
with m > is a quasimodular form belonging to (5M^_^_2„(r), and it can be shown that 



(/(-) U.m 1){Z) = E ^! (7) (" + 7 " ') f'-'\zmi. Z) 
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for all 2; G "H and 7 G F (see e.g. [IS])- Thus, if we denote the corresponding quasimodular 
polynomial by F{z,X) G QPw+2m(X)j ^^ have 

Fi^.X) = (Q-^,„/(-))(.,X) = f:A:!(7) (^ + ;^" ')/(-'^)WX^ 



A;=0 

SO that 






/W(.) 



(6.9) Es{e^F)iz, X) = iw + m-l)\Y: fuL'L^M ^''''- 

Hence we see that 

n^(H,(6„F))(z, X) = (^ + m - 1)! ^ L- ^^ -X^ 

^ r\\m — rj!(m — r + u; — Ij! 

= iyF(^,X), 
m! 

and therefore the Jacobi-like form in (16.91) is a lifting of the quasimodular polynomial 

(2::;+2™/^'"^)(^,^)- 

Example 6.5. Let E^ be the Eisenstein series in (16. 7p . We consider a modular form / G 
Mu,(r) with w > 0, and set 

F(z,X) = /(z)(QiE2)(^) = /(^)i?2(^) + -f{z)X, 

m 

which is a quasimodular polynomial belonging to (5-Pj,_|_2(r)- Then we have 



6, „>^ /('H 



2; 



^,(6iF)(z, X) = -{w - 1)! ^ / ' ^ X 
nx ^ V.[i + w — 1)1 



e+s 



so that 



Ili{Es{&,F)){z,X) = ^{w - ly.fl^ + /^ryx) = ^f'{z) + ^f{z)X. 

zt: \ wl [w — ly. J znw it: 

Thus we obtain 

F{z,X) - Ul{Es{e,F)){z,X) = f{z)E^{z) - -^f\z) G QPl+^{T) = M^+^iT), 

ITTW 

Hence we see that F{z,X) = Il{^{z,X) with 



^z,X) = J2M^)X 



k+S+l 
k=0 
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where 0o = (6/«vr)/ and 



6{w-l)\ ,(,) , (^ + 1)! f^^ 6 ^,\(k-i) 



if' + n \.n : ^, 1^2 ' —f 



mk\{k + w — 1)\ {k — l)\{k + w)\\ iirw 

kl[k + W)l \t7T V ZTTW / 

for all A; > 1. 

The canonical lifting map C^^ in (16 ■4p can also be used to determine linear maps of 
quasimodular forms. Indeed, if n is another nonnegative integer, we set 

Then since 

we obtain a linear map 

2:^(m,n) : Qp-(r) ^ gp|!,2„_2™(r) 

of quasimodular forms such that %i{m,m) is the identity map on QPpiT). 

7. Pseudodifferential operators 

Jacobi-like forms for a discrete subgroup F C SL{2, M) are known to be in one-to-one cor- 
respondence with F-automorphic pseudodifferential operators (see [7]). The noncommutative 
multiplication operation on the space of pseudodifferential operators given by the Leibniz 
rule determines a natural Lie algebra structure on the same space. In this section we use 
the above correspondence and the liftings discussed in Section |6] to construct Lie brackets 
on the space of quasimodular polynomials. 

A pseudodifferential operator over J-" is a formal Laurent series in the formal inverse d~^ 
oi d = d/dz with coefficients in J-" of the form 

u 
k=—oo 

with u E Z and hk E J-' for each k < u. We denote by '^V(J^) the space of all pseudodiffer- 
ential operators over J-". Then the group SL{2, M) acts on \E''D(J-') on the right by 

u 

{^o^){z) = ^{^z)= ^ h{izmi,z)'d)' 

k=—oo 

for all 7 G SL{2, C), where ^(7, z) is as in (12. ip . 

Definition 7.1. Given a discrete subgroup F of SL{2,M.), an element "^{z) G \I'2^(J-') is an 
automorphic pseudodifferential operator for F if it satisfies 

\[/ 07 = \I' 

for all 7 G F. We denote by \I'I?( J-")^ the space of all automorphic pseudodifferential operators 
for F. 
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If a is an integer, we denote by '^V{J^)a the subspace of ^V{F) consisting of the pseu- 
do differential operators of the form 



$^^.W5° 



k=0 

with ipk E J^ for all /c > 0. We also set 

We now consider an isomorphism between the space of formal power series and that of 
pseudodifferential operators following the idea of Cohen, Manin, and Zagier in [7j. We shall 
see below that this isomorphism is equivariant with respect to certain actions of SL{2,'R). 
Given a formal power series 

oo 
k=0 

and a pseudodifferential operator 

oo 

(7.1) ^(z) = Y,M^)d-'-' e ^v{j^)_, 

k=0 

with 6,e > 0, we set 

oo 

(7.2) (X|F)(^) = Y, C,+sHfkiz)d-'-'-^, 

k=0 



(7.3) (:ff *)(^,x) = J2CklM^)x' 



-k+e~^ 
k=0 

for each nonnegative integer ^, where C,, with rj > denotes the integer 

(7.4) ^, = (-1)^(^-1)!- 
Then it can be easily seen that 

(7.5) (Xf o X|)F = F, (X| o Xf )^ = ^, 
and therefore we obtain the maps 

Xf : J^[[X]]s ^ ^I?(^)_5-€. 2-f : ^V{T)^, ^ -^[[^]].-C 

that are complex linear isomorphisms. The following proposition shows that these isomor- 
phisms are 5*^(2, R)-equivariant. 

Proposition 7.2. Let F{z,X) G ^-'[[X]]^ and "^{z) E '^V{T)^e, o^nd let ^ be a nonnegative 
integer. Then we have 

(Xf F) o 7 = X|(F 1^^^ 7), (Xf ^) 14 7 = Xf (vl/ o 7) 

forall-feSL{2,R). 

Proof. See [HI Proposition 1.1]. D 
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Corollary 7.3. Let F{z,X), "^{z) and ^ he as in Proposition \ 1. 4 

(i) The formal power series F{z, X) is a Jacobi-like form belonging to J'2^{T)s if and only 

(a) The pseudodifferential operator '^{z) belongs to '^T>{J^Y_^ if and only if X?'^ G 

Proof. This follows immediately from Proposition 17.21 D 

If ^(z) G ^V{J^)^, is of the form ([71]), we set 

(7.6) ('^-v^)(^,x) = f:z(7^x^ 

where Cm-r+e is as in fl7.4p . 

Lemma 7.4. If'^{z) G ^©(J")^^ and F{z,X) G J2^(T)^_^, then we have 

(7.7) ^n-vi/ = n-«(xfvi/), n-«F = ^n-(xfF) 

/or a// ^ G Z, where H^^ zs as m (13.151) . In particular, (^Il^^'^){z,X) is a quasimodular 
polynomial belonging to Q-P2m+2e- 

Proof Let *(z) G ^P(J^)_e be as in (EI]), so that (Xf ^)(z,X) is given by (IL3]). Using 
(12.91) . we obtain 

(n-«(xf vi/))(;,,x) = ^-c„Us^™_.(^)x'^ = eu;:^){z,x). 

r=0 

Since (Xf^)(2,X) G J2€(r),_^, we see that (n^-«(Xf ^))(z,X) belongs to QP2m+2£ by 
Proposition 13.101 and that the first relation in (17. 7p holds. The second relation follows from 
this and Corollary 17.31 D 



By Lemma 17.41 there is a linear map 

2m+2e 



'li-J : ^V{:Ff_, ^ QP^ 



such that the diagram 



^v{:fY_, -^ J2dr)e-i 



an-e 



T^-« 



V-f 2m+2£(-'- ) V-'2m+2£(U 

is commutative. We also see that there is a short exact sequence of the form 

(7.8) ^ ^v{r)i_, ^ ^vi^Z^ '-^ QP2" +2.(r) ^ o. 

Similarly, there is also a split short exact sequence of the form 

(7.9) ^ ^v{:f)1_, ^ ^v{:Ff_, ^^ QM^^r) ^ o. 



where ^H^ = ©o o ^n^. If 



'^■m,2m+2£ '■ QP^+2e(X) ~^ J2e-25(X) 



S 
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is as in fl6.4p . we set 

(7.10) '>C^,2„.+2. = ^Is ° ^1,2^+2. : QPTm+2ei^) ^ ^^(-^)-. 

Using (inSD, (I72D and f l7J0|) . we have 

for all F{z, X) G Q-f2m+2e(r)- Thus the map ^>C^ 2m+2e is a lifting of quasimodular forms to 
automorphic pseudodifferential operators, and both of the short exact sequences (17.81) and 
(17:91) split. 

The noncommutative multiplication operation in \1/P(J-') defined by the Leibniz rule de- 
termines the Lie bracket 

[ , ]^ : ^P(J^) X ^V{J^) -^ ^I?(-F), 

on the same space given by 

(7.11) [^{z), ^{z)f = ^{z)(!>{z) - (^{z)^{z) 

for all "^{z), ^{z) G \1/P(J-'), which provides \E'P(J-') with a structure of a complex Lie algebra. 
Given 61,62 > and pseudodifferential operators ^^(^z) G \l''D(J-')_5^ and $(2;) G '^V{J^)_S2 
of the form 



fc=0 fc=0 

we have 

fc=o e=o q=o V y / 
Changing the indices from k, £, q to r, p, g with r = k + C, + q and p = £ + g, we obtain 

v^(.)$(.) =$:$:$:( ^ ;^+^)^._,(z)0(^i,(z)a-^-^ 

r=0 p=0 <j=0 V " / 

Hence we see that 



(7.12) \^{z), ^{z)f = ^(2)$(^) - $(z)^(2) = 5]] ^(^, <^)riz)d-'-^'^ 



'52 

r=0 

where 

r p 



^ ~^ ' ^" ^ ^^ Cl>r-,{z)ij'^l,{z) 



^i>r-p{z)(j)^^\{z) 
p=0 q=0 '- "-• ^ 



-r-62+p\^ /..N,,to) 



Q 

for all r > 0. 

If r, p, g, a and /3 are integers with r > p > q and a, /3 > 0, then we set 



(7.13) 



^r,p,g _ (r - p + a)\{r -p + q + a - 1)1 {p - q + l3)\{p - g + /3 - 1)! 
^"'^ ~ g!(r + a + /3)!(r + a + /3-l)! ' 
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We now consider formal power series F{z,X) E J-'[[X]]s-^ and G{z,X) G -7^[[-^]]52 given by 

OO CO 

(7.14) F{z,X) = J2h{^)X'^'\ G{z,X) = Y,9k{z)X'^'\ 



fc=0 A;=0 



and define the associated formal power series [F{z,X),G{z,X)] by 



(7.15) [F{z,x),G{z,x)f = EEE(-^;+l,^.+6/-^wrf 



^(-) 



r=0 p=0 g=0 

Lemma 7.5. T/ie formula (I7.15P determines a bilinear map 



^^'^'^ ,^.-p(^)/i!-U^) P'^'-'^'''^- 



o/ formal power series satisfying 

(7.16) Xg^^^([F(z,X),G(z,X)]^) = [ll{F{z,X)),ll{G{z,X))]^ 

forF{z,X) e J^mjs,, G{z,X) G J^[[X]]s, andi^,^^ > 0. 

Proof. Let F(;z,X) G J^[[X]]5, and G{z,X) G J^[[X]]5, be as in dZHD. Then by (D the 
pseudodifferential operators X|^^(F(2;, X)) and X^^{G{z,X)) are given by 



Xl{F{z,X)) = Y,Ct+s,+^Mz)d-'-'^-^^ 

fc=0 

OO 

Xj(G(z,X)) = Y,Ck+^.+iM^)d-''-''-^' 



k=0 

for .^1,^2 > 0. From these relations and (17.121) we obtain 



■ll{F{z,X)),ll{G{z,X))Y 

2^ 2.^ 2.^(1 jCr-p+5i+iiCp^g+S2H2fr-p{z)gp%{z) 

r — n r,— n n—n N V y / 

C'r-p+52+6^p-g+'5i+5i5'r-p(2:)/p_g(2;) jO 



r=0 p=0 g=0 

'-r -52-^2+P 
Q 
Using this and (17.31) . we have 

lf[ll{F{z,X)),I^{G{z,X))f 



Z^Z-^Z-^[[ j^r-p+Si+(iCp-q+S2H2fr~p{z)gp-qiz) 

r—n n—n n—n ^ ^ " ^ 



\<^r~p+52+i2'^p-q+Si+^igr-p{Z ) Jp^q(Z ) I — , 

Q / / '-"r+(5i+(52+5i+C2 

which can be easily seen to coincide with the right hand side of (I7.15p . D 
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Corollary 7.6. // [■, -j^ is as in (17.111) . then we have 

(7.17) ii^^^{mz),Hz)f) = [x^(^w),xf («i>(z)r 

for ^{z) e ^I?(-F)_,,, $ G ^V{T)^,^ and 6,6 > 0. 

Proof. Given ^(2) G ^r'(J^)_e, and $ G ^^'(J^)-^^, using ([73]) and (17161) . we have 

m^),Hz)f = [{ii oxi)m>{z)\(xi ox^)($(.))]^ 

Thus we obtain (I7.17P by applying if^j^^^ to this relation and using (17.51) again. D 

For each i G {1,2} we consider a quasimodular polynomial given by 

rn 

(7.18) F,(z,x) = Y,kr{^)x'' G QA'F.ir), 

r=0 

and set 

(7,19) [F,(.,x),F.(.,.Y)F = fgE— '"*'""'"''" 



r=0 p=0 g=0 






where the coefficients H*'*'* are as in (I7.13p . Let J-'m be the graded complex vector space 

^m = 0QPr(r) 

for m, > 0. The next theorem shows that J-^ has the structure of a complex Lie algebra. 

Theorem 7.7. The bilinear map [■, -j*^ given by (17. 19p is a Lie bracket on the space Tm 
compatible with the Lie bracket [■, -j^ on Jacobi-like forms given by (17.151) . meaning that the 
diagram 

^2(a-m-5i)(r)5i X ^2(6-m-<52)(r)<52 -^ ^ J2{(i+^2-2m-5i-52)(X) 61+82 



^Sl+h 



(n„i,n„i) 



IQ 



is commutative. 

Proof. Let Fi{z,X) with 1 < -i < 2 be as in (I7.18p . and assume that 

oo 

Ct,,^F,{z,X) = M^,X) = Y,<P^A^)X'+'' e Jx,^2m^2sA'^)s. 

fc=0 

with n^(£^2fi-^j) = -^j! where C^^^ii i^ ^^ i^ (16. 4p . Then we have 

(7.20) 0i,r = (m - r)\fi^rn-r 
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for each r & {0, 1, . . . m}. From (17.1 5p we see that 

oo r p 



r=0 p=0 (j=0 ^ 



which is a Jacobi-hke form belonging to j725i+252(r)<5i+<52- Thus, using ( I7.20p . we obtain 

r=0 p=0 g=0 ■ ^ 

= [F^iz,X),F2{z,X)]Q, 
and it is a quasimodular polynomial belonging to <5-P27i+2f2-2m(-'^)- ^^ particular, we have 

[F^iz,X),F,iz,X)f = U^^'nct^,^^F,iz,X),C%,^^F,iz,X)f. 
We now consider an element 

oo 
^,(Z,X) = J2^^A^)X'^'' e JA.-2„^-25,(^)^, 
fe=0 

for each i G {1,2}, and let 

G,{z,X) = Ut'^,{z,X). 
If we set 

oo 

[Ct,,,M^,X),Ct,,^^G,{z,X)f = Y,a,{z)X^^'^^'^ 



1 

k=0 



[^,{z,X),^2{z,X)f = J2t^k{z)X 



oo 

k+5i+5i 



fe=0 

then from (I7.15P we see that ak = Pk for each k G {0, 1, • . . , m]] hence we obtain 

n^^'n4W^i(^'^)'<26G'2(^,X)]^ = Yt^'-[^>,{z,X),^,{z,X)f. 
Thus we have 

[n^^i(z, X), Yt^2{z, x)f = n^+^^ [vi>i(^, X), vi>2(^, x)]^, 

which proves the theorem. D 

Remark 7.8. From (17. 19p we see that the coefficient of X*" in [Fi{z, X), F2{z, X)]^ is given 
by 

6^[Fi(z,X),F2(z,X)]Q = H°f4,,,+^,/i,™(z)/2,™(^) - H°f4,,,+5,/2,™(^)/i,„^(^) = 0; 
hence it follows that 

[F,{z,X),F2{z,X)f G gP2r+W-2™(r)- 
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On the other hand, the coefficient of X"^ ^ is equal to 

&m-i[Fi{z,X),F2{z,X)f 



raw ^l ,'f, ^^ , <:^Jl,m-l{z) f2,m{z) — ^s^]^^^^Si+^if'i,Tn-l{z)fl,m{z)] 



;1,1,0 

^5l +^1, (52+^2 - 



+ "^!( '^f,\ii:, /,n4^foJ'i-,rniz) f2,m~liz) — 25^+^2, 5i+Ci/2,m(^)/l,m-l(^)j 



= m{m\)(El[\\^^g^^^J\^^{z)fl^{z) - El'^\\^^^^^^j2,Uz)fl^{z)^ 
and it is a modular form belonging to M25i+252-4m+2(r) by (13. Sp . 

Corollary 7.9. T/ie Lie bracket [■, -j^ on J-^ g'«wen &y f l7.19p is compatible with the Lie 
bracket [■, ■]^ on ^V(J') given by (17. lip , so that 



^^(-^)"6+™ X *^('^)'6+™ ^^ ^^(-^)'6-?: 



1^ -"-iTTT, , llyji ; 



2+2m 

g„2m-5i-52 



]Q 



QP^^^iv) X gp™2(r) -^^^ Q^26+26-2n.(r) 

zs commutative, where ^H^ ^^ ^^ ^^ (17. 6p . 

Proof. This follows from (17. 7p , (I7.17P and Theorem 17. 7[ D 

8. Rankin-Cohen brackets on quasimodular forms 

Rankin-Cohen brackets for modular forms are well-known (cf. ^), and similar brackets 
for Jacobi-like forms were introduced in ([1], [5], [6]) by using the heat operator. Rankin- 
Cohen brackets on quasimodular forms were also studied by Martin and Royer in [18] for 
congruence subgroups of S'L(2,Z). In this section we construct Rankin-Cohen brackets on 
quasimodular forms for more general discrete subgroups of SL{2,M) that are compatible 
with Rankin-Cohen brackets on Jacobi-like forms. 

Given /x G M, we consider the formal differential operator £^ on J-'[[X]] given by 



d d ^^ d 



i2 



which may be regarded as the radial heat operator in some sense (cf. [15 



Proposition 8.1. Given /x G M, A G Z and a formal power series ^{z,X) G J-'[[X]], we 
have 

(8.2) (£^($)|(+27)(^,^) = ^,mh)iz,X) + (A - ^iM^,z)i^\i^)iz,X) 

forall-feSL{2,R). 

Proof. Let 7 be an element of SL{2, M) whose (2, l)-entry is c, so that 

d 

— ;j(7, z) = = Z{7, z)A{-f, z), 
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where ^(7,-2) and ^(7, z) are as in fl2.ip . Given a formal power series $(z,X) G J-'[[X]], 
using (I2.5p . we see that 

^($ \i^){z,X) = -AcC{(7,^)-"-^e-^(^'^)^$(7^,a(7,^)-'X) 

+ ;i(7, z)-'i^(7, z)'Xe-^(^'^)^$(7;2, 5(7, z)-'X) 
+ ;i(7, z)-\-^(^'^)^5(7, ^)"'^(7^, 5(7, ^)-'X) 

+ 3(7, ^)- V^(^'^)^(-2c)CJ(7, z)-'X^ijz,Z{l, z)-'X), 

A($ |3[^)(^,X) = -Cr(7,^)-'i?(7,^)e~^(^'^)^$(7^,5(7,^)~'^) 

+ 5(7, ^)-"e-^(^'^)^a(7, ^)"'||(7^' 5(7, ^)"'^) 
= 5(7,^)-'-'e-^(^'^)^ 

X f -c5(7, z)$(72;,a(7, ^)"'^) + ^(72^' 5(7, z)'^X)Y 
^' ($ |3[7)(^,^) =5(7,^)-'-V^^^'^)^fc2<l>(7;^,5(7,^)-'^) 
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- 2i^(7, ^)^(7^,5(7, z)-'X) + ;j(7, ^)"'^^(7^, 5(7, z^X) ) . 
From these relations and (18. ip . we obtain 
2,{^ \il){z,X) = ^^{<^ \i^){z,X) - ^^^{^ \i^){z,X) - X^^i^ \i^){z,X) 



5(7,^) 



_A-2^-J?(7,j;)X 



2«.,, .^2^^ , d^ o„..,, .N-i.^^*^ 



X ( -Ac5(7, ^)$ + 5(7, ^)'J^(7, zyX^ + — - 2ca(7, ^)"^^;^ 

+ 2il(7, z)X— - 5(7, ^)"'^|^ j (7^' 5(7, ^)-'X) 

= 5(7, .)--e-(-)- (f - ^§ - 5(7, -)-^^0) (7^, 5(7, zrX) 

+ (^ - A)c5(7, 2:)$(72:, 5(7, zy^X), 
where we used the relation c = 5(7, -2^)-^(7, z). Thus it follows that 
(£,($ |^7))(^,^) =5(7,^)-''V^^"'^)^(i:,$)(7^,5(7,^)-'X) 

+ (/x - A)c5(7, ^)-'-^e-^(^'^)^$(7;^, 5(7, ^)~'^) 
= (^/.(<^)lA+2 7)(^,X) + (/^-Am7,^)($l3[7)(^,^), 
which verifies fl8.2p . D 



33 



Let r be a discrete subgroup of SL{2, M). If /i = A, then fl8.2p can be written in the form 

Thus we see that 

^x{Jx{V)) C Jx+2{T). 
If /i 7^ A, however, the operator U^ does not carry Jacobi-like forms to Jacobi-like forms. 



If $(2,X) = E^o<^fc(^)^''^^ ^ H[X]]& with (5 > 0, then it can be shown that 



k=0 

(Note that ii^ denotes the composition of ^-copies of £^.) where 

p 

(8-3) [<'W = E(-1)'"'(-) 

for all z ^T-l and /c > 0. 

We now introduce bilinear maps on the space J-'[[X]] of formal power series by using the 
operators of the form £^ with fj, e |Z. Given a nonnegative integer n, elements /ii,/i2 £ |Z, 
and formal power series 

^,{z,x) e JA,(r)5„ $2(^,x) G Jx,{^)s„ 

we define the associated formal power series [$i, $2]^i,;_j2,n('25^) ^ •^[[^]]<5i+52 by 

oo 

(8.4) [$i,$2];:,,^,,„(^,x) = 5^^^,^„„,„(z)x«+^^+^^ 

n=0 

with 



t— n i>—n V / V / 



4=0 i=0 



X [$i];':,,,(^)[$2 



/.i,<5iV^''L^^J/^2,52 



-Z 



for all z G "H and m > 0, where [$i]^'j 5^ and [$2])l2,<5r ^^^ ^^ ^^ i\8.3\i . Here we note that 
the binomial coefficients of the form (^) with r G |Z is given by 

r! r(r + l) 



(r-£)!^! r(r-£+l)r(£+l)' 
where T is the Gamma function. 

Proposition 8.2. //$i(z,X) anc? $2(-2;;X) are Jacobi-like forms with 

$i(z,X) G Jx,iT)s,, ^2iz,X) G JA2(r)fe, 

t/ien [$i, $2]^j^^2,n(^5^) ^'5 Jacobi-like form belonging to J'\j^+\2+2n(X) 61+62- 

Proof. This was proved in [6j in the case where /ii = /i2 = 1/2. The general case can be 
proved in a similar manner. D 
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From Proposition 18.21 we obtain the bilinear map 

(8.6) [, ]^j,^2,„ : J\,{T)s^ X Jx2{^)52 -^ Jxi+X2+2n{^)5i+52, 

which may be regarded as the n-th Rankin-Cohen bracket for Jacobi-hke forms (see [6]). 
Given integers Ai, A2, nonnegative integers 61, 62, mi, m2, n, and quasimodular polynomials 

(8.7) F,{z,x) G Qpr:+2(™i+^i)(r) c j'n.An f,{z,x) g QPzun.2+52)(^) c -^-J^]' 

using the lifting map in (16. 4p . we obtain the Jacob i-like forms 

(8-8) ^t.M+2irn.+S.)Fl{z,X) G J,A^)s,, ^t,A.+2(™.+..)^2(^, X) G ^^,(1),,. 

If /Ui, /i2 G |Z, we define the bilinear map 

[' J<5i'<52,Mi,Ai2,n ■ QFx^+2{mi+5^)\^ ) ^ V "A2+2(m2+<S2) ( > ~^ Ani+m2[-^J 

of polynomials by 

(8.9) [i^i,i^2]J,^,&^,,„„(^,X) 

-1)*^ /ra + Ai - /ii - 1 \ /n + A2 - /i2 - 1 



EE E 



r! \ n — £ 

r=o £=0 t=o 



r/'52 p ]n-^,mi+m2-r-t/ \ -t^r 

^ [^mo.,U9.+2(mo+So.V^in2M y^)^ ' 



^ l.'^mi,Ai+2(mi+<5i) iJa«'i,<5i(^'' 

■'r?i2,At2+2(m2+52) ^Jm2,52 

where the square brackets on the right hand side are as in (18.31) . 
Proposition 8.3. The formula (18. 9 p determines a bilinear map 

(8-10) [, \5^',52,'fJ.i,/i2,n '■ ^"Ai+2(mi+5i)(r) ^ '^ "A2+2(m2+<52) (^^ ""^ '^ "Ai+A2+2(mi+m2+n+<5i+52) (^) 

of quasimodular polynomials. 

Proof. Let Fi{z,X) and F2(z, X) be quasimodular polynomials as in (18. 7p . If [, ];( is as in 
(EED, then from (EID and (ESI) we obtain 

(8-11) ['^mi,Ai+2(mi+5i)-^l''^m2,A2+2(m2+<52)-^2j^i,^2,n(^'"^) 

oo 

= 5^e«(^)x"+^^+'^ G jA.+A2(r)5,+.2, 

■u=0 

where 

(8,12) U^) = ±±(-l)' (" ^ 'is -')("^ ''-''-') 

^ ['^.mi,Ai+2(mi+<5i)-^l]Mi,<5i(^)['^m2,A2+2(m2+52)-^2j^2,<52 (^)- 

Using (ESD, (EH). ( ISTTl) and (EH, we see that 

rni+rn2 -. 
[-^1,-^2]5^';52';,,,^2,„(2;,X) = ^ —^rm+m2~r{z)X'' 

r=0 

~ -'-'■mi+m2U''-mi,Ai+2(mi+<5i)-^l' '^m2,A2+2(m2+<52) 2j/ii,/,i2,»il^' X J J, 
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which is a quasimodular polynomial belonging to 

^ Ai+A2+2(mi+m2+n+<5i+(52)^ ^' 

hence the theorem follows. D 

The bilinear map (IS.lOp for quasimodular polynomials determines a corresponding map 
for quasimodular forms, which may be regarded as a Rankin-Cohen bracket. We now con- 
sider a variation of such a bilinear map. Given a nonnegative integer m and quasimodular 
polynomials Fi{z,X) and F2{z,X) as in fl8.7p . by applying the map H^'^^'^ to the left hand 
side of (18. lip we obtain 

(8.13) n^ H['^mi,Ai+2(mi+5i)-^l''^m2,A2+2(m2+<52) 2j/ii,At2,n(^)^)) 



m _. 
Z2 -^^m-r{z)X' 



r 

r=0 



ni n ni-r+n / T\e / . \ i\/i\ i 

^>r^ >r^ {-Ij (n + Xi - fii -l\ (n + A2- f^2- i- 



r! \ n — 

r=0 i=o t=o 



■ z 



^ L'^m2,A2+2(m2+<52)-^2j^2,52 ^^^^ ' 

which is a quasimodular polynomial belonging to 

QPxi+X2+2{m+n+5i+52)(^)- 

Thus, if we set 

[[^1^F2]]'^{Z,X) = n^+ '([^mi,Ai+2{mi+<5i)^l'^m2,A2+2(m2+52)^2];,l,^2,n(^,^)), 

we obtain the bilinear map 

(8-14) [[, ]]n ■ Q-P^+2(mi+<5i)(r) ^ Q-PA^+2{m2+<52) (^) ~^ '5-PA?+A2+2(m+n+5i+52) (r)- 

If G'(z,X) = ELo^fc(^)^'' ^ -^gl^] with g > 0, we set 



(8.15) [[G]]^;^,(^) = X:(? - ^ - J)K-IY-' n 



j=0 



(A; + <5 + £-j)!(^ + <^ + /U-^-J-l)! 0) 



ioT z e H, 5 > and < k < q. 

Proposition 8.4. Let Fi{z,X) and F2{z,X) be as in Proposition \8.3[ and let m be a non- 
negative integer with m + 2n < minjrrii, 7712}- Then the bilinear map (I8.14p is given by 

(8.16) 

mi+m2 n m\+m2—r+n 



iiF, F^:i., A-) ^ E E E ^ (" " ; : r (" + '= 7= - ^ 

X [[Fl]]i*,,w[[F2]]^.:•'""'""*w^^ 



r=0 £=0 t=0 
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and the diagram 






J^Xi(r)Si X J^X2{^)S2 ^ ^ J^Xi+\2+2n(X)Si 



(8.17) iuX,nX) 



n*i+*2 

TTi]^ -\-m2 



^^Xi+2{mi+5i)(^) ^ ^"A2+2(m2+<52)( -^ ^ '^ "M+A2+2(m+n+<5i+<52) (^) 

zs commutative. 

Proof, li m + 2n < niin{mi, 7712}, then we see from (18.31) that the functions 

\rSi F 1^'* i'^^ \r^^ p -\n-e,m-r-t / \ 

l.'^mi,Ai+2(mi+<5i)-^lJMi,5il^/'' L'^m2,A2+2(m2+<52) 2J^2,<52 v '' 

in fl8.13p involve coefficients of X^ only for j < niin{r7ii,r7i2} in the Jacobi-like forms 

'^mi,Ai+2(mi+5i)-^H^' ^)' '^m2,A2+2(m2+52) ^l^) -^)- 

From this and the relations 

^t^tM^2im.^S./li^^X) = F,{Z,X), n^2^t,A2+2(^2+.2)^2(^,X) = F,{z,X\ 

it follows that 

l.'^mi,Ai+2{mi+(5i)-^lJ/ii,(5i ~ [[-^lJJ/ii,5i ' 

\ rS2 rp-\n—£,m—r—t rr p -i-in— <?,r?i— r— i. 

l.'^m2,A2+2(m2+52) 2j;i2,52 ~ [[-'^^^\\fj.2,52 ' 

hence we obtain (I8.16p . The commutativity of the diagram ( I8.17p also follows from the above 
observations. D 

9. Quasimodular forms of half-integral weight 

In this section we modify the definitions of Jacobi-like forms and quasimodular forms to 
include the half-integral weights. We also describe Hecke operators on spaces of those forms. 
Throughout this section we assume that F = Fo(4A^) for some positive integer N. 

Let 6{z) be the theta series given by 

00 

e{z) = J2 e'™'' 

n=— 00 

ioT z ETi, and set 

(9.1) ^(^'^) = ^' ^^(7,^) = 25(7,^)-'^5(7,^) 
for all 7 G F and z El-L. If 7 = ( " ^ ) , it is known that 

5(7,^)'= (^)(c^ + ^)' 

where {—) denotes the Legendre symbol. Furthermore, the resulting maps 5, ^ : F x "H — )■ C 
satisfy 

(9.2) 5(77', z) = 5(7, 7'^)5(7', ^), ^(77', z) = ^{i , z) + ^(7', z)-^\i, i z) 

for all 7, 7' G F and z E Ti. 

We recall that J-" denotes the ring of holomorphic functions on Ti and J-'[[X]] is the complex 
algebra of formal power series in X with coefficients in J-". From now on we assume that A 
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is a half integer, so that 2A is an odd integer. Given elements / G -7-", ^{z, X) G J-'[[X]], and 
7 G r, we set 

(9-3) (/U7)W=5(7,^)-'VW 

(9.4) ($ |^7)(^,X) =a(7,^)-''e-^(^'^)^$(7^,5(7,^)-'^) 

for all z ETi. If 7' is another element of F, then by using (19. 2p it can be shown that 

/ U (77') = (/ Ia 7) Ia 7', $ Ia (77') = ($ Ia 7) Ia 7', 

so that the operations |a and |;( determine right actions of F on J^ and J-'[[X]], respectively. 
Given a nonnegative integer m, let J-m[X] be the complex algebra of polynomials in X 
over J^ of degree at most m as before. If 7 G F and F{z, X) G J-^^l-^], we set 

(9.5) (F II, 7)(^, X) = 5(7, zy'^Fi^z, ^(7, z)\X - ^ij, z))) 

for all z E l-i. Then this formula determines a right action ||, of F on J-m[X]. Let x be a 
character on F. 

Definition 9.1. Given a half integer A and a nonnegative integer m^ an element / G J-" is 
a quasimodular form for F of weight A and depth at most m with character x if there are 
functions fo, ■ ■ ■ , fm ^ J^ such that 

m 

(9.6) {f\,^){z) = J2x{l)fr{zMl,zr 

r=0 

for all z G "H and 7 G F, where .^(7, 2;) is as in (19.11) and |a is the operation in (19. 3p . We 
denote by QM^{r, x) the space of quasimodular forms for F of weight A and depth m with 
character x- 

If we denote by Ma(F, x) the space of modular forms for F of weight A and character x, 
then we see that 

QM°(F,x) = Ma(F,x). 
We also note that / = /o if / satisfies (19.61) . 

Let / G J-" be a quasimodular form belonging to QM^(T,x) and satisfying (19.61) . Then 
we define the corresponding polynomial {Q'^f){z,X) G J>n[X] by 

m 

(9.7) {QTf){z,X) = Y,fr{z)X\ 

r=0 

SO that we obtain the linear map 

QT:QMT{T,x)^J'm[X] 
for each of nonnegative integers m. 

Definition 9.2. (i) A quasimodular polynomial for F of weight A and degree at most m is an 
element of Jvj[X] that is F-invariant with respect to the right F-action in (19. 5p . We denote 
by QP^{V,x) the space of all quasimodular polynomials for F of weight A and degree at 
most m with character x- 

(ii) A formal power series $(z, X) belonging to J-'[[X]] is a Jacobi-like form for F of weight 
A with character x if it satisfies 

i<!>\i^)iz,X) = xiimz,X) 
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for all z G "H and 7 G F, where \-l is as in (19.41) . 

We denote by x7\{T, x) the space of all Jacobi-like forms for T of weight A with character 
X, and set 

Jx{T,x)5 = Jx{T,x)nHX]]s 

for each nonnegative integer S. 

We now extend the notion of Hecke operators to the half-integral cases. We first recall 
that G'L+(2,M) acts on Ti by linear fractional transformations, and set 

g = {(a,det(a)-^/25(a,-2)) | a G GL+{2,R)}. 
Then ^ is a group with respect to the multiplication given by 

(«,det(«)-^/2^(a,z)) ■ i(3,det{/3)-'/^Z{/3,z)) = ia(3,det{a(3)-'/^Zia, (3{z))Zi(3, z)). 

We shall write a = {a, det(a)~-^/^^(a, z)) G Q. 

As in the case of GL~^{2, M), two subgroups Fi and F2 of Q are commensurable, or Fi ~ F2, 
if Fi n F2 has finite index in both Fi and F2. Given a subgroup A of Q, the subgroup 

^ = {geg\ gAg-^ ~ A} C ^ 

is the commensurator of A. If ^1 = {a G ^ | det a = 1} and if F is a discrete subgroup of 
Qi, then the double coset FaF with a G F has a decomposition of the form 

s 

(9.8) FaF = ]jFai 

1=1 

for some elements «« G ^ with 1 < i < s. 

Given A with 2A G Z odd, we extend the actions of SL{2,R) in (EU, (O and (ET]) to 
those of Q by setting 

if \xa){z) = det{a)^Z{a,zr'^f{az) 

(9.9) ($ \i a){z, X) = (det 0^5(a, z)-^^e-^^"''^<l>{az, (det a)Z{a, zy^X), 

{F \\^a){z, X) = (det a)^5(a, z)-^^F{az, (det a)~^Z{a, zf{X - A{a, z))) 

for all z G H, a G ^, / G J^, $(z,X) G J^[[X]] and F{z,X) G J^m[X]. Then we have 
(9.10) 

(/ |a a) \xa' = f |a {aa'), ($ \i a) \i a' = <^ \i {aa'), (F \\^a)\\^a' = F \\^{aa') 

for all a, a', and therefore Q acts on J-", J-'[[X]] and J-m[X] on the right. 

Let a G F C ^ be an element whose double coset is as in (19.81) . Then the associated Hecke 
operator 

(9.11) Ta:Ma(F,x)^M,(F,x) 

is given as usual by 



{Tx{a)f){z) = det(a)-"-i^(x(ai)/ |a «i)(^ 



i=l 
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for all / G Mx(T,x) and z ^Ti. Similarly, given a Jacobi-like form $(z,X) G J'x{T,x) and 
a quasimodular polynomial F(2,X) G Q-P™(r,x), we set 

s 

(9.12) {T^{d)<l>){z,X)=det{a)-'-'Y,i'^ Ia «0(^,^), 

i=l 
s 

(9.13) {T[{a)F){z,X) = det{a)-^-'Y.^F\\,ai){z,X) 

i=l 

for all z eT-L. 

Proposition 9.3. For each a G F the formal power series {T^{a)^){z,X) and the polyno- 
mial {Tx{a)F){z,X) given by (I9.12p and (I9.13p . respectively, are independent of the choice 
of the coset representatives ai, . . . , as, and the maps $ ^-7■ T^i^a)^ and F (-)■ Tx{a)F deter- 
mine linear endomorphisms 

(9.14) T/(a) : J,(r, x) ^ Jxi^, x), Tf (5) : QPf (r, x) ^ Qi'A"^(r, x)- 

Proof. This can be proved as in the case of the usual Hecke operators for modular forms. D 

The endomorphisms T^[a) and T^[a) are Hecke operators on J\{T,x) and QP'^{T,x)i 
respectively, for half-integral Jacobi-like forms and quasimodular polynomials with character. 

10. Shimura Correspondences 

In the classical theory of modular forms, a Shimura correspondence provides a map from 
from half integral weight modular forms to integral weight modular forms that is Hecke 
equivariant. In this section we consider similar maps for quasimodular forms. 

First, we review Shimura's construction of a Hecke-equivariant map from half integral 
weight cusp forms to integral weight cusp forms (see [23]). Let x be a Dirichlet character, 
so that the associated L-function is given by 

m=l 

Given a half integer A with 2 A odd, let S'a(Fo(A^), x) be the space of cusp forms for Fo(A^) 
of weight A with character x- We consider an element / G S'a(Fo(A^), x); so that it satisfies 

{f \xl){z)=Z{l.z)-^>^f{^z)=x{d)f{z) 

for all 7 G Fo(A^) and z E Ti, where d is the (2,2)-entry of 7. We recall that the Hecke 
operators T^^^a) on S'a(Fo(4A^), x) are given by 

r 

T^Ja)f = {detar'-'J2xMif\x<^u). 

The following is the main result obtained by Shimura in |23j . 

Theorem 10.1. Suppose that g{z) = E^=i ^(^)?" ^ Sk+i/2(^oi4^N),x) with q = e^""'' zs 
a half-integral weight cusp form with k > 1. Let t be a positive square- free integer, and 
define the Dirichlet character ipt by 'iptiji) = x(^)( — )^(-)- If the complex numbers At{n) 
are defined by 

E°° At(n) ^. , ^ , .^bitn"^) 

n=l n=l 
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then the function 

oo 
n=\ 

is a weight 2k modular form belonging to M2fc(ro(2iV), x^). If k > 2 then St^k{g{z)) is a 
cusp form. Furthermore, if k = 1, then St^i{g{z)) is a cusp form if g{z) is in the orthogonal 
complement of the subspace o/ 5*3/2 (Fq (4A^), x) spanned by single variable theta functions. 

From Theorem 110.11 we obtain the Hecke equivariant Shimura map 

ShAAx : Sx{ro{4N),x) ^ M2A^i(ro(2iV),x') 
defined by 



for 



where 



n=l 

oo 

n=l 

A^^tin) = L{s-X + 5/2, xMxif, nH) 



for all n > 1. 

In order to discuss the quasimodular analog of the Shimura map, we consider a quasimod- 
ular polynomial F{z,X) G QP^-^^{Tq{AN),x) of the form 

m—r 

(10.1) F(z,X) = ^A(^)X" 
for 2; G H, and set 

(10.2) (gSh,,,^ ^)(^'^)-Z.r(£+l)r(m'-r-£+l)r(m'-£ + 2A + 3r)^' 
which is an element of J-m'_r.[X] with ?7i' > 0. 

Proposition 10.2. The formula (110. 2p determines the Hecke equivariant linear map 

gSh-;-''^ : QP,T2:n(ro(4iv),x) ^ Q<;L'+.)-i(ro(2iv),x^) 

/or m,m' > and r < min{?7i, m'}. 

Proof. We first note that that the map ©„ in (13.81) can be extended to the half integral case, 
so that 

6„(gpr(r,x))cM;,_2™(r,x). 

The lifting formula (15.21) can also be modified so that for each h G M^{T,x) with /x G |Z 
the polynomial 

is a quasimodular polynomial belonging to (5-P^2m(r, x) ^^^ satisfies 

eu^'j^h) = h. 
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We now consider a quasimodular polynomial F{z, X) G QP^2m0^o{4:N), x) given by fllO.ip . 
so that 

6„_,(F)GMA+2r(ro(4iV),x), 

Shx+r,t,xi&m-rF) G M2A+4r--l (ro(2Ar), x'). 

Thus, using (110.21) and fllO.Sp . we see that 

(10.4) E'J:+t-\Sh,^r,Jem-rF)) 

^ y^ r(m- - r + l)r(2A + 4r) Shj-^'—^V^,.)) ^^^ 
^ T{i + l)r(m' -r-i+ l)r(m' - £ + 2A + 3r) 

= QSh--'7F); 
hence it follows that 

On the other hand, the maps &rn-r and S^,^^*^"^ are Hecke equivariant by the commutativity 

of the diagrams (I4.12p and (15.40 . respectively; hence the Hecke equivariance of gSh^^'^''^ 
follows from the same property for the Shimura map Sh;j_|_r_t ,^ of modular forms. D 

From (110. 4p we obtain the relation 

rii,m,m',r ■— ■2A+4r-l „ or, „,2: 

and therefore the Hecke equivariant commutative diagram 



C'm — r 



-.2A + 4r-l 
^~'fn' — r 



Shx^r.x 



SA+2r(ro(4iv), x) -^^^ 52(A+20-i(ro(2iv), x^) 

for each r G {0, . . . , -m}. 

Assuming that m' > m, we now consider a quasimodular polynomial 

G(z,x)Ggpr+2™(ro(4iv),x), 

and define for each r G {0, 1, . . . , m} the quasimodular polynomial 

Gr{z,x)eQPr;,:^{ro{4N),x) 

by setting 

Go = G, G,+i = G, - (m - 0!(H^_, o % o 6„_,)G, G QP,";.-'^(ro(4iV), x) 
for < £ < m, — 1, where Sq is as in (15. 5p . Then, if we set 

m 

®Qi,»n, m',r/^\ / Qim.m',0 /~i ou"t-i"i'>1 r^ Q-im.m',m /-^ \ 

r=0 

we obtain the complex linear map 

m m 

0QSh-;-'^ : QPr+2^(ro(4iv),x) ^ 0Qi^2TA;:.w)-i(ro(2iv),x^), 

r=0 r=0 

which is Hecke equivariant. 
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11. Shintani Liftings 

It was Shintani (cf. |2l]) wlio constructed Hecke equivariant maps from integral weiglit A 
cusp forms to lialf-integral weight cusp forms, which may be regarded as inverses of Shimura 
maps. In this section we study the quasimodular version of Shintani maps. 

We first review the construction of Shintani maps for modular forms. Let Q. be the space 
of integral indefinite binary quadratic forms of the form 

Q = Q{X, Y) = aX^ + bXY + cV^ = [a, 6, c] 

with Disc((5) = 6^ — 4ac > 0. Given a positive integer M, we set 

Hm = {Q{X, Y) = [a, 6, c] G n I (a, M) = 1, b = c = (mod M)} 

if M is odd, and 

n^^ = {Q(X, Y) = [a, b,c]e£l\{a,M) = l, b = (mod 2M), c = (mod M)} 

if M is even. Then the congruence subgroup TqIM) acts on 0.j^j on the left by 

(7-g)(x,r) = g((x,r)7-') 

for all 7 G ro(M) and Q G H. Following [23], to each integral indefinite binary form Q G Q.M 
we associate a pair of points uq, u'q G P^(M) = M U {ioo} given by 

{/ b+A/Disc(Q) b-^Disc(Q) \ . , 

{ioo, f ) c = and 6 > 0; 

(f,zoo) c = and 6 < 0. 

Given Q G 0, we denote by jq the unique generator of the stabilizer of Q G Ha/ in the 
congruence group Tq{M). We then consider the path Cq in Ti defined by 



. {uq,u'q) if Disc(Q) is a perfect square; 
(cu, 7qCi;) otherwise. 



where u is an arbitrary point in P^(Q) and (■, ■) denotes the oriented geodesic path joining 
the given pair of points. 
We write 

xiQ) = X{a) 
ii Q = [a, b, c] G Hm- Given / G S'2A-i(ro(M), x^), we also set 

{ Disc(Q) 

EQGQ/r„(M)^A,x? '' if Mis odd; 
Disc(Q) . 

Z^QeQ/ToiM) h,x1 "^ if Mis even, 

and 

hM,Q) = xiQ) I f{r)Q{l,-T)'-ldT. 
JCq 

We denote by 5'A(ro(4M), x') the space of cups forms of level 4M, half integral weight A, 

and Nebentype character x'- The following result was obtained by Shintani. 

If X is a Dirichlet character x defined modulo M, we define the associated Nebentype 

character x' modulo M by 

X\d) = x{d)( ^ ^^ 
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ioT aWde {Z/AMZy. 

Theorem 11.1. Let x be a Dirichlet character defined modulo M. Then for each f G 
5'2A-i(ro(M), x^), the series Oa,x(/) is the q-expansion of a half-integral weight cusp form 
in Sx(ro{AM),x')- Moreover, the map 

is a Hecke-equivalent C-linear map. 

Proof See 121]. D 



To introduce a quasimodular version of Shintani's result, we consider a quasimodular 
polynomial F{z,X) e QP^,Zl+2miM'^M),x') of the form 

m—r 

F{z,X) = Y,fu{z)X- 

n=0 

for 2; G H, and set 

?^T(m'-r + l)r(2A + +2r)ei™'T'H/m-r)W . 
(11-1) (qOa,x ^)(^'^)-Z.r(£+l)r(m'-r-£ + l)r(m'-£ + 2A + r)^' 

which is an element of J^rn'-r[X] with m' > 0. 

Proposition 11.2. The formula f lll.ip determines the Hecke equivariant linear map 

for m, m' > and < r < min{m, m'} . 

Proof. Given a quasimodular polynomial F{z,X) G (5-P^Ii+2m(-'^o(^), X^); "we have 

Sm-rF e S2iX+r)-l{To{M),x'), 
Qx+rJ&m-rF) G ^A+r(ro(4M), x')- 

Thus, using (1 10. 3 1) and flll.ip . we see that 

(11.2) E^^l:\ex^rA&n.-rF)) 

^ y: FK - r + l)r(2A + 2r)Q^;r^-;-'\fr^_^){z) ^^, 
f^ r(£ + l)r(m' -r-i + l)r(m' - £ + 2A + r) 

- Q^A,x l^^' 

hence it follows that 

ge-f ''■(F) G QP2':::r;A-.(ro(4M),x'). 

On the other hand, the maps &m-r and H^,_^!^ are Hecke equivariant by the commutativity 
of the diagrams (14.121) and (15.41) . respectively; hence the Hecke equivariance of qQ^'^ '^ 
follows from the same property for the Shintani map 0A+r,x of modular forms. D 
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From flll.2p we obtain the relation 






as well as the Hecke equivariant commutative diagram 

p.jTi,Tn ,r 



t'rri — r 



-,2(A+r) 
^~'m^ — r 



^2(A+r)-i(ro(M), x^) ^^i^ 5A+.(ro(4M), x') 

for each r G {0, 1, . . . , m]. 

We now consider a quasimodular polynomial G{z, X) G (5-P2'A-i+2m(-'^o(^), X^), and define 
the associated quasimodular polynomials Gr{z,X) G QP^^^j^2m^o{M)iX^) with m' > m 
for each < r < m by 

Go = G, G,+i = G, - (m - £)!(n^_, o Hq o Gm-i)G^ G gP2'^:i+2m 
for < £ < m, — 1. Then by setting 

m 
r=0 

we obtain the C-linear map 

0Qe™f ''^ : gP2'^-i+2^^(ro(M),x^) ^ 0gP2t'-;A-.(ro(4M),x'), 

r=0 r=0 

which is Hecke equivariant. 
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